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Abstract 

The prediction for ag in the minimal supersymmetric SU(5) grand unified 
theory is studied in the presence of a gravitationahy-induced dimension-five op- 
erator. Unless the coefficient of this operator is small, the correlation between 
Us and the mass scale which governs proton decay to Kz^ is destroyed. Further- 
more, a reduction of the experimental uncertainty in q^ would not provide a 
significant test of the theory. 
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The standard model of elementary particles and interactions is specified by eigh- 
teen fundamental parameters. The only one which has been successfully predicted to 
a high level of accuracy is the weak mixing angle. In simple super symmetric versions 
of grand unified theories (GUTs) it is predicted ^ to be 0.233, in full agreement with 
its experimental value of 0.2325 ± 0.0008. Over the past few years several groups 
0, ^ ^, 1^ have studied what information may be extracted from this unification of 
gauge couplings. It is frequently stated that to further test GUTs, the strong cou- 
pling should be measured more precisely 0, Q . Some claim that this would determine 
the scale of superpartner masses, others that such improved accuracy would help pin 
down the proton decay rate in the minimal model [^. 

The renormalisation group equations for the gauge couplings provide three equa- 
tions relating several quantities. One of these equations determines the GUT gauge 
coupling to be about 1/25, but beyond this fact it will not concern us further. A 
second provides a relationship among the various superheavy particle masses. The 
third predicts one of the low energy gauge couplings; although this is frequently cho- 
sen to be the weak mixing angle, we choose instead [^ to predict the strong coupling 
as, because we want to address the question of whether more information would be 
gained by reducing the error bar on its experimental value. 

In a general GUT the spectrum of superheavy states is likely to be complicated. 
Logarithmic threshold corrections to the prediction for ag may arise from each non- 
degenerate ("split") SU(5) multiplet, and some such corrections will be present in 
every GUT pj. The minimal number of SU(5) representations whose states are not 
degenerate is two: one contains the superheavy (mass Mx) and the light gauge par- 
ticles, the other contains the superheavy (mass Mtr) and the light members of the 
multiplet responsible for spontaneous electroweak symmetry breaking. In addition, 
the remnants S of the representation which breaks SU(5) to SU(3) x SU(2) x U(l) 
have masses Ms which generically differ from those of the Goldstone bosons eaten 
by the superheavy gauge particles. It is well known that (at one-loop order) the 
prediction for as does not depend on Mx. Recently it was pointed out [^ |] that 
there is also no dependence on Ms — a fact overlooked in the previous analysis of 
threshold corrections [§. This raises the interesting possibility that, in certain simple 
GUT models, the only significant dependence of the as prediction on the superheavy 
sector is through the mass parameter Mtr, which in these models controls the rate 
of proton decay. Since a^ increases with Mtr, an improved experimental upper limit 
on as could reduce the upper bound on Mtr. In that case, super-Kamiokande could 
definitively test this theory 0. 

In this letter we study the extent to which these claims are spoiled by the presence 



of higher-dimensional operators generated at the Planck scale 0, |10|, |TT[ . Although 
we study the minimal supersymmetric SU(5) theory, for a wide class of GUTs the 
superheavy corrections are at least as large as those we consider. We assume that 
the mass scale suppressing such nonrenormalizable operators is the reduced Planck 
mass Mp = (SttGn)"^''^ — 2.4 x lO^'^GeV since this is the combination which enters 
quantum-gravity calculations. At first sight the Planck scale corrections appear to 
change the prediction for a.^ only at the 1% level, which is the ratio of the naive GUT 
scale (roughly Mx) to the reduced Planck mass. But Mx may easily be higher than 
the naive expectation if Ms is reduced. Furthermore, these corrections are enhanced 
by several numerical factors. As we show below, the result is a significant modification 
to the prediction of a^, and since the sign of this effect is unknown, the prediction is 
spread out considerably. 

To one-loop order, and in the absence of gravitational corrections, gauge coupling 
unification is embodied in the three renormalization-group equations relating the 
values of the gauge couplings at the Z mass, 1^~^ = l^~^{mz) = (ct^^, a2^, cts^)^ ^-^id 
the common gauge coupling ac at the GUT scale Mq: 



a = Uq 



'^-?^"'"(t) '^= 



Here 1 = (1,1,1) and /3 a = ba/i^ir) where ba are the three beta-function coeffi- 
cients for the particle labeled by a. The sum extends over all particles in the model, 
and Ma denotes the mass threshold at which each is integrated out. (We neglect 
electroweak-breaking effects in the SUSY mass spectrum, and treat the top quark 
as being degenerate with the Z. These effects are small relative to the dominant un- 
certainties in the experimental inputs and in the gravitational corrections.) All of 
the standard model particles are already present at the initial scale mz', we then 
include the second Higgs doublet at rriH^, the squarks at an average mass nig, the 
sleptons at their average mass m^-, the winos at rriu,, the gluinos at rrig, the higgsinos 
at rrijj, the color-triplet component of the 5 of Higgs at Mtr, the non-Goldstone- 
boson members of the 24 of Higgs at M^, and finally the superheavy gauge bosons 
and their superpartners ('X') at Mx- The GUT scale is the highest mass threshold, 
above which all particles fill complete SU(5) multiplets. The experimental inputs 
are derived from [§ s^ = sin^ Ow = 0.2325 ± 0.0008 and 1/a = 127.9 ± 0.1 using 
"c?^^ = (|(1 — s'^)/a, s'^/a, l/os). The two-loop contributions to (|l]) are incorporated 
using typical values for all the parameters. We also include in these contributions the 
terms needed to translate the experimental inputs given in the MS scheme into the 



DR scheme appropriate for step-function corrections in supersymmetric theories [12 



The result is a term A2 = (0.65, 1.09 + 2/127r, 0.55 + 3/127r) which must be added to 



the right-hand side of (|ID. 

We concentrate on the predictions of (|I]) for a^ and Mtr, and ignore the prediction 
for ac- Therefore we consider (well-known) linear combinations of (J^) which do not 
involve ac- Define for convenience (up to an irrelevant overall normalization) one 
projection vector Pi by requiring ?i -1=0 and P \ ■ p x — O5 ^^"^ another 
projection vector F2 by requiring P2 ■ 1 =0 and P2 ■ /^tr = 0- We choose 

7^1 = (-1,3,-2); i^2 = (5,-3,-2). (2) 

The dot product of ri with (|l]) will be independent of ac and of Mx and Ms, and 
therefore will furnish a simple expression for a^ in terms of the low-energy parameters 
and the Higgs-triplet mass. The dot product of P2 with ([^) will be independent of 
ac and of Mtr and the light Higgs sector, and will relate the masses of the superheavy 
gauge multiplet and the superheavy 24. Finally, the unification scale Mq enters (0) 
only through the combination (InM^) y^/J„ oc 1 and so it, too, is projected out; 

a 

thus any other scale may be used in these dot products, and we choose that scale for 
convenience to be mz- 

Note that in the dot product with Pi both the X and the E were projected out. 
The reason is simple. The p for any complete SU(5) multiplet, and in particular 
/3 24 for the 24, contributes equally to the running of all gauge couplings, so it is 
proportional to 1 and hence orthogonal to Pi- The /3gb ^^ the Goldstone mode 
components of the 24 is proportional to the (3 x oi the superheavy X since they carry 
the same quantum numbers, and so it too is orthogonal to r i. Therefore their differ- 
ence p 24~P GB = P^ ^Iso satisfies 7 1- /5 ^ = and the S does not make a threshold 
contribution to this equation. Similarly, both the Higgs doublet and the triplet are 
projected out in the dot product with P2- The S could contribute if it were split, 
which is not the case in the minimal model but would be the case in most extensions. 
An example of such a contribution in the minimal model is provided by the gauginos: 
they would also be projected out since they carry quantum numbers complementary 
to those of the X, but their masses are widely split by renormalization-group running 
so they make a significant (and calculable) contribution to the predictions for as- 

To obtain specific predictions, we need the mass spectrum of the model. In the 
minimal model the weak-scale masses are determined to a good approximation by the 
four mass parameters rriQ (the common scalar mass), mi/2 (the common gaugino mass 
at the GUT scale), /i (the coupling of the two Higgs doublets in the superpotential) 
and 772^2 (the mass of the second Higgs doublet — we take the first to be degenerate 
with the Z). For our purposes the following simplified spectrum will suffice [|13], ^: 
■rriq ~ Jitiq + Qrn\i2-i rn^ ^ .fm^+Aml^, rrig ~ 2.7mi/2, rn^ ~ 0.8mi/2 and rufj ~ /x. 



By applying the projections (0) to (|T|) and including the two-loop term A 2 we find 

h^ln = /i(s ,mo,mi/2,/i,m^J (3) 

as OTT niz 



and 



where 



2 6 Ms^l2 Mx „ , 2 . ,.. 
h-ln \ In = /2(s ,mo,mi/2) (4) 



„ 3(6s2 - 1) 3 mg + 6m2/2 2 2.7 4 , /i , 1 m^, ^ ,^ 

/i = ^ In^ ^ In \ In-!— H in ?. _ 1.52 

ha 207r rrig + Amf,^ ^ 0.8 Svr mz Svr mz 

1 4/5 1/5 

~ 27.9 + 0.4a + - In ^ ^"\ (5) 



3(1 - 2s2) 3 , ^2 + 6m2, 2 , , , 4 , mi/2 1 

/2 = ^ ^-— In^^ V1__1j^2.7-0.8 --ln^^ + 1.13 + - 
a Air rriQ + Am^i^ vr vr m^ vr 

3 , ml + 6m^/2 4 , mi/2 / s 

~ 206.2 -0.6a In^^ ^--In^^, 6 

4vr uiq + Amf,^ n mz 

and a = (s2 - 0.2325)/0.0008. 

Eq. (^ can be viewed as a prediction for M^. It shows that one can raise the X 
mass by lowering the mass of the S without affecting the prediction for a^. Since there 
are no experimental consequences of a light S, we focus on (^. To avoid excessive 
fine-tuning and retain the motivation for supersymmetric unification, we restrict mo, 
mi/2, fi and m,H2 to lie below one TeV. (Our results are not sensitive to the exact 
value of this cutoff.) By varying these four parameters between the weak scale and 
a TeV, and varying s^ within one standard deviation of its central value (namely 
|o"| < 1), we obtain a predicted range of a.^ as a function of Mtr. This range is the 
region between the two black curves in Fig. 1. 

We now turn to the effects of quantum gravity on these predictions. In the absence 
of a specific and predictive theory of quantum gravity, we can only estimate these 
effects by including higher-dimension operators that would arise in an effective theory 
once the Planck-scale degrees of freedom have been integrated out. Following Hill [H 



and Shafi and Wetterich JIOl], we restrict our attention to the dominant dimension- five 

operator 

SC = -^tT{GGE), (7) 

2Mp 

where G = GaT°- is the field-strength tensor of the SU(5) gauge field and the gen- 
erators are normalized to tr T^-T^ = ^6°'''. The mass scale suppressing this operator 
is the reduced Planck mass Mp ~ 2.4 x 10^^ GeV as discussed above. We have 



also conservatively included a factor of 1/2 to account for the two identical oper- 
ators GG. The remaining coefficient c is unknown without further assumptions; 
we have no reason to think it is less than 0{1) in magnitude. SU(5) is broken by 
the vacuum expectation value (S) = vT^ where T^ = diag(2, 2, 2, — 3, — 3) /2v/r5 . 
This breaking induces superheavy masses Mx = J^g^v from the covariant deriva- 

Asf from the term 



tive D^S = a^S„r" + ic/5X^„Sb[T",T''], a triplet mass M^^ = 
Mtj-H^H^ + \^H^T,H^ (after a fine-tuning to make the doublets light), and a S mass 
A24f from the term ^MtrtrS^ + ^A24trE^. It also modifies the kinetic 



3 

5 

Ms 



terms of the standard- model gauge bosons through 5C: 



>Cgauge - --(FF)u(l) 



C V 



-1 



1 



2Mp V2v^, 
-itr(GG)su(3) 



tr {GG) 



c V 
1 + -- 



SU(2) 



1 



1 + 



C V 



2Mp V2V15 



2Mp Vvl5, 

Consequently the three gauge couplings are not degenerate at the GUT scale. The first 

term in the equations for unification (P must be replaced by a^^ 1 — > Q^g^( -'- + ~^) 

where ~t = {cv/2Mp) f^^ff; ^TTs' "C^)' ^^ have absorbed the sign of v into c, so v 

and A5^24 are by definition positive. 

By applying the projection operators to the modified unification equations, we 

obtain: 

12 c f 1 2 \ 

fi{s ,mo,mi/2,Ai,m^J (9) 



2 6 , Mtr 

h ^ In 

as OTT mz 



5 2MpaG 



and 



2 9,5 12 , 6 , , 18 , t; 
^ — In -— H In 5f5 + - In A24 H In 

as TT 12 TT TX TT TUz 



/2(s^mo,mi/2 



(10) 



In (^ we use the zeroth-order expression for ac = qI/^t^ — 1/25 in the coefficient 
of ~t . Eq. (10) has no direct gravitational contributions, since it turns out that 
r 2-~^ = 0; we have merely rewritten it using the above expressions for the superheavy 
masses. The magnitude of the gravitational smearing may be readily estimated from 
(I). If t> ~ 2 X 10^^ GeV and \c\ ~ 1 then the prediction for a^ is corrected by ~ 10%. 
To be more precise, we study the predictions of the two equations (^ and ( [T0|) 
in the five unknowns {Q;s,Mtr,A5 = WyMtr/f , A24, c}. A nonzero c couples the two 
equations and makes an exact analytic solution impossible. Instead, they may be 
solved analytically to a good approximation (~ ±1.5% in a^ and ~ ±30% in Mtr), 
or numerically to a high precision. The analytic expressions are^ 



as 



0.132 1-0.024(7 



II' TT) 

0.02 In ^- ^±0.025 In 

mz 



M 



tr 



3 X 1016 GeV 



tThe coefScient of the last term in (nTl) should be changed from —0.025 to —0.04 for large values 
(0.14-0.15) of as in order to achieve the desired accuracy. 



- 0.025 c(l- 0.1a) f'^^^) '^'a24'/'| (11) 



mz 

and 

Mtr^(3xlO^'^GeV)A5(l-0.1(T)A2"4/'f^^^^') . (12) 

V mz J 

Numerically, one subtracts (|IUp from (^) and solves the resulting equation for M^t-: 



6 A24 6, ^ 84 Mtr 6c Mt, 

— in -pr H — mAnaG = in — t— 

TT Ag TT Svr mz SacAs Mc 



/i-/2 + 3ln^ + -ln47raG = -— l^zr^-T-^TT^- (13) 



The solution(s) can then be used to find the corresponding as- Since we have no reason 
to presume that the scalar couplings A5^24 are particularly small or particularly large, 
we allow them to vary between 0.1 and 3, and also let c vary between —1 and 1. For 
each such choice of A5, A24 and c, we obtain numerically a region of allowed (a^, M^r) 
values when we scan mo, mi/2, /i, m,H2 and s^ over the same ranges as before. The 
overlap of all these regions is shown as the gray area in Fig. 1 ; it represents the region 
allowed in the minimal supersymmetric fl^ SU(5) model by our present knowledge 



of s^, our suspicions about the ranges of superpartner masses, our assumptions about 
the scalar couplings in the superpotential [0, and our ignorance of the true theory 



at the GUT scale. The domain of predictions for a^ is greatly increased by the 
possible Planck-scale corrections, and the correlation between ag and the parameter 
Mtr relevant to proton decay is largely blurred away. 
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Figure Captions 

Fig. 1: The prediction in the minimal supersymmetric SU(5) model of as as a func- 
tion of the color-triplet mass Mtr. The region between the two black curves 
accounts for the possible variation of the light superpartner masses and the 
second Higgs doublet mass between 100 GeV and 1 TeV, and for the variation 
of sin^ 6\Y between 0.2317 and 0.2333, but does not incorporate any Planck- 
scale corrections. The shaded region adds the gravitational corrections, with 
the restrictions that 0.1 < A5 24 < 3 and that \c\ < 1. 



